Abstract. We would like to insure against the risk that a geometric Brownian motion, correlated with the price process of a certain traded asset, is in a set E at time T . In this paper it is shown that the best action one can take to insure against this risk is to buy a binary option on the traded asset. We give explicit formulas in the case that E is an infinite interval. The setting of all our investigations is the Black-Scholes model. (2000): 91B28, 60J65, 62P05, 91B30, 62F03
Introduction
In this paper we investigate how we can insure against the loss associated with the occurrence of a certain unfortunate event by trading in an assetS and a bond B. The occurrence of the event is assumed to be modelled by the fact that a stochastic process S • is in a certain set E at time T . We consider the special case that the stochastic process S • and the price processS • of the assetS are correlated geometric Brownian motions. The following example illustrates the situation.
I would like to thank G. Pflug for fruitful discussions on drafts of the paper. Further I would like to thank all the people involved in the refereeing process. This paper was partially written at the Department of Financial and Actuarial Mathematics at the TU-Vienna (research supported in part by SFB 10 of the FWF) and at the Department of Statistics and Decision Support Systems at Vienna University. Example 1. Suppose that a mining company wants to exploit a certain mining area. In order to do this, the mining company has to make some investments. The mineral M which the mining company would produce after this investment is not traded now, but there exists another mineralM with nearly the same compounds and structure which is already traded on the market. We suppose therefore that the unobservable price process S • of the mineral M is highly correlated with the price processS • of the mineralM. The mining company faces the following risk: if the price of the mineral M after the period of investment is below the production costs c, then the company will make losses. We will show below that a binary option onM is the best action the company can take if it wants to invest money in options on mineralM to insure against this risk.
From the viewpoint of real options theory (see Amram and Kulatilaka (1999) , Dixit and Pindyck (1994) and Trigeorgis (1996) ) the investment the companies in the example should make is a real option. Given the price of a real option, one usually asks the question whether one should buy it, i.e., make the investment, or not. Actually, it is not possible to answer this question using "no arbitrage" arguments alone. All other arguments which may be given imply a certain risk. Therefore it is the risk of buying a real option which we shall consider. In particular we show in this article how to deal with such a risk most efficiently.
The risk measure we use to measure the quality of our risk insurance is the shortfall probability. This is the probability that the unfortunate event (the price of the mineral is below c) occurs and our insurance does not pay enough to compensate for the loss. This risk measure and related risk measures are often used when partial hedging is investigated; cf. Föllmer and Leukert (1999, 2000) . But in contrast to Föllmer and Leukert (1999) we do not minimize the shortfall probability of a strategy on a stochastic process with respect to a constraint on its equivalent martingale measure, i.e., we do not minimize the shortfall probability of a strategy based on a process observable at any time with respect to this process. Instead, we minimize the shortfall probability of a strategy based on an observable process with respect to another unobservable process. The price for this more general situation is that we can only consider binary options, while Föllmer and Leukert consider arbitrary options. Another important difference with their paper is that our method, as developed so far, only works if the market given by the observable process and the bond is complete, while in Föllmer and Leukert (1999) incomplete markets are also considered.
In this paper we do not use the heavy machinery of stochastic analysis. Instead, we make use of a version of the Neyman-Pearson lemma, some easy lemmas on conditional expectations, and the fact that the Black-Scholes model is complete. In this way we avoid all technical difficulties.
